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Ù3AÁ5A8©B476¼Ä*A:725698u»AB:72.¨0ÁÝ¾.487:u6¼=ê;ÉIAB=.AB4;>¸)8AB:7:76¼=5É³ÆpÊO;>Ä5¸9AÖò Ï À:72.AB=Ý«p¨F4f¨F47:72.¨FÉI¨F=;>¸)ª54¨ â A©B:769¨F=.8




























f : X −→ X Ä*A;[6¼ª.8©256¼:7Õ"©¨F=0:76¼=bÂ.¨FÂ.8t«sÂ5=.©B:769¨F=,ÈÊ2.AB=,À
f
698t;>¸¼»¨L8:ABÃIAB47¹0Ù2.AB4A"Á6 *AB4AB=0:76<;>Ä5¸9ALÀ;>=.ÁÞ«`¨F4
x, v ∈ X:72.AÁ6¼4A©B:769¨F=;>¸Á5AB476¼ÃF;>:76¼ÃIA8





f(y + tv)− f(y)
)
Aià6987:UÈ"Ê2.A©¨F=0ÃIAiàê20Â5¸¼¸





x0 ∈ X À¾.=.Á ∆xk 8Â.©2':72;>:
0 ∈ f(xk−1) + ∂f(xk−1)∆xk, k = 1, 2, 3, ...
;>=.ÁÖ8AB:











F : X −→ R À);>=b¹³»6¼=56¼»6¼ÕUAB4 x ∈ X ¨>« F (·) 8¨F¸¼ÃIA8:72.A(AßbÂ;>:769¨F= f(x) = 0 À;>=.Á½;87Â56¼:;>Ä5¸¼¹Á.;>»ª*AÁZYuABÙ:¨F=Þ6¼:AB4;>:769¨F=ÞÉIAB=.AB4;>:A8t;»¨F=.¨F:¨F=569©U;>¸¼¸¼¹(=.¨F=56¼=.©B4AU;F86¼=5É#8AßbÂ.AB=.©A¨>«
F (·)876¼=.©A;>¸¼¸
C ∈ ∂f(x) ;>4Aª%¨L876¼:76¼ÃIA8AB»6m¿nÁ5Ai¾.=56¼:AÅÆp8AALÀOALÈ*É.È¼ÀË bÎ «p¨F4ÉL¸9¨FÄ;>¸3©¨F=bÃIAB47ÉIAB=.©A(6¼=³:72.AÂ5=56m«`¨F47»¸¼¹Þ©¨F=0ÃIAià'©U;F8A Ï È
QggQL?KQ*TDPgJM2*LOLKNgQ
TOLIgggM.gJKQL.KQ:KOLT}MKP:SUTJLDT}H}O?PgMO&KNH}KO& 
 £ **y. ¦b£ ut¡U¢.§p %¡v×§p O§=vÇ§D¡w§£%  Yf¨UÙÀfÙ3Aº©¨F=.869Á5AB4Å;>= ;FÁ5Á6¼:769¨F=;>¸"©¨F=.87:74;>6¼=0:Uõø¾.=.Á ;
»6¼=56¼»6¼ÕUAB4
x ∈ X ¨>« F (·) 87Â5Ä â A©B::¨ g(x) ≤ 0 ÀLÙ2.AB4A g : X −→ R 6983;©¨F=bÃIAià87»¨¨F:72#«sÂ5=.©B:769¨F=,ÈäR«5:72.A;FÁ»698876¼Ä5¸9A38AB:698O=.¨F:AB»ª5:y¹IÀI;»6¼=56¼»6¼ÕUAB4¨>«5:72.A3©¨F=.8:74;>6¼=b:)ª54¨FÄ5¸9AB»åAià6987:8UÈOäR«7Àd6¼=;FÁ5Á6¼:769¨F=,À
;#87:74769©B:7¸¼¹};FÁ»698876¼Ä5¸9AAB¸9AB»AB=b:
x̂ ∈ X Ù6¼:72 g(x̂) < 0 Aià698:8UÀ5;[;>ÉL4;>=5ÉIAª;>4;>»AB:AB4 y ≥ 0 Aià698:887Â.©2Ý:72;>:
(x, y)
698u;©B476¼:769©U;>¸,ª*¨F6¼=b:t¨>«:72.A[;>ÉL4;>=5ÉIA«sÂ5=.©B:769¨F=;>¸
L(x, y) = F (x) + y g(x)
À5Ù2569©2
698©2;>4;F©B:AB476¼ÕUAÁÅÄb¹Ö:72.AÊ¿n87¹87:AB»
0 = f(x) + yDg(x) ,
g(x) ≤ 0, y ≥ 0, y g(x) = 0 .
Ê2.A©¨F474A87ª*¨F=.Á6¼=5É [;>ÉL4;>=5ÉIAi¿dYfABÙ:¨F=Å»AB:72.¨Á'©¨F=.8769Á5AB48t:72.A[6¼ª.8©256¼:7Õ"©¨F=0:76¼=bÂ.¨FÂ.8uª54¨FÄ5¸9AB»
0 = f(x) + yDg(x) ,
0 = max{0, g(x)} .





0 ∈ f(xk−1) + yk−1Dg(xk−1) + ∂f(xk−1)∆xk + yk−1D2g(xk−1)∆xk + ∆ykDg(xk−1) ,






{0} g(xk−1) < 0,
conv{0, g′(xk−1)} g(xk−1) = 0,
{g′(xk−1)} g(xk−1) > 0.
¢ wuy¤£$¥§¦¨vyb¡w£¤3 é06¼=.©A:72.A©[;>ÉL4;>=5ÉIAi¿dYuABÙ:¨F= »AB:72.¨0ÁÁ5¨A8Ö=.¨F:}=.A©A88;>476¼¸¼¹æ«sÂ5¸m¾.¸¼¸:72.A
©¨F»ª5¸9AB»AB=b:;>47¹ø©¨F=.Á6¼:769¨F=.8
y ≥ 0 ;>=.Á y g(x) = 0 ÀÙ3AÖÂ.8A(:72.AÞ©¨F474A87ª%¨F=.Á6¼=5ÉÇé5îfï»AB:72.¨ÁÈÊ25698698"¨FÄ5:;>6¼=.AÁ×Ä0¹4ABª5¸<;F©B6¼=5ÉÅ:72.AÉIAB=.AB4;>¸¼6¼ÕUAÁªYfABÙ:¨F=×6¼:AB4;>:769¨F=½Äb¹×;Ý8AßbÂ.AB=.©A¨>«tßbÂ;FÁ4;>:769©
»6¼=56¼»6¼Õw;>:769¨F=ºª54¨FÄ5¸9AB»8Ù6¼:72³¸¼6¼=.AU;>476¼ÕUAÁ³©¨F=.87:74;>6¼=0:8UÈÊ2.AB4Ai«p¨F4ALÀ:72.A"ÉIAB=.AB4;>¸¼6¼ÕUAÁ^YuABÙ:¨F=º87:ABª
«p¨F4:72.Ak[;>ÉL4;>=5ÉIA87¹87:AB» 698»¨Á6m¾AÁ}:¨
0 = f(xk−1) + yk−1Dg(xk−1) + Ck∆x
k + yk−1D2g(xk−1)∆xk + ∆ykDg(xk−1) ,
Æ$òU; Ï

















































x0 ∈ X ;>=.Á y0 ≥ 0 È3éAB: k = 1 È
é5îfïtò Ï ñ6¼=.Á





























k := k + 1
;>=.Á}ÉI¨#:¨Öé5îfïò Ï È
ÊO;>Ä5¸9A×òLõÝé5îfïã»AB:72.¨0Áø«p¨F4:72.A';>ª5ª54¨Uà6¼»;>:769¨F=@¨>«;©B476¼:769©U;>¸ª*¨F6¼=b:
(x, y) ∈ X × R≥0
¨>«u:72.A
[;>ÉL4;>=5ÉIA«sÂ5=.©B:769¨F=;>¸
L(x, y) = f(x) + yg(x)
ÈÊ2.A;>¸¼ÉI¨F476¼:725»á©U;>=³Ä*AAià:AB=.Á5AÁ³Ä0¹;Þ8Â56¼:;>Ä5¸9A
Á.;>»ª56¼=5É(8:74;>:ABÉL¹(Ù2569©2ÝÉLÂ;>4;>=b:AA8uÉL¸9¨FÄ;>¸©¨F=0ÃIAB47ÉIAB=.©A6¼=}:72.A©¨F=0ÃIAià'©U;F8AË  z0m qÎ È
Û  ¢ w0yÅ¦Ds£LtAyt¡S­£%§s %¡§­¢d£&®2y0¦L¡w§s£ 
ì Ai«p¨F4AuÙ3Af87:7Â.Á¹:72.At«sÂ5¸¼¸*Aß0Â;>:769¨F=.8¨>«,ª5¸<;F8:769©B6¼:n¹IÀÙ3AfÁ698©BÂ.883:72.AfAßbÂ;>:769¨F=.83«`¨F43:72.Af87:74;>6¼=U¯087:74A88
4AB¸<;>:769¨F=6¼=.Á5ABª%AB=.Á5AB=0:7¸¼¹Ø6¼=@ABÃIAB47¹ç»;>:AB476<;>¸ª%¨F6¼=0:UÈ¡hfAB4ALÀABÃIAB47¹Ø87:74;>6¼=@:AB=.8¨F4
ε ∈ Sym(d) 69869Á5AB=b:76m¾AÁêÙ6¼:72Å6¼:8t¸¼6¼=.AU;>4fAB¸<;F87:769©:7476<;>¸87:74A88






Sym(d) = {τ ∈ Rd,d : τ T = τ} Ä%A:72.A"8AB:f¨>«387¹»»AB:74769©»;>:74769©A8wÈtÊ2.AAB¸<;F87:769©}»;>:AB476<;>¸uª54¨Fª%AB47:769A8êÆs6¼=ç:72.A}6¼=¾.=56¼:A876¼»;>¸u»¨0Á5AB¸ Ï ;>4A'Á5Ai¾.=.AÁøÄb¹l:72.A°hf¨¨FÜ06<;>=ø:AB=.8¨F4
C : Sym(d) −→ Sym(d) Á5Ai¾.=.AÁÄb¹ C : ε = 2µε + λ trace(ε)I ÀfÁ5ABª*AB=.Á6¼=5Éç¨F=@:72.A©[O;>»S±©¨F=.87:;>=0:8










φ : Sym(d) −→ Rr
Á5AB:AB47»6¼=56¼=5É:72.A©¨F=bÃIAià}8AB:¨>«);FÁ»698876¼Ä5¸9A87:74A88A8
K = {σ ∈ Sym(d) : φ(σ) ≤ 0} È)?ºA;F88Â5»A:72;>:
φ
69887»¨¨F:72³«`¨F4










i = 1, ..., r
È
¢ wuyø¦I£% *:y.²­O¢>£&®2yb¦I¡w§£%  [,AB:





θ ∈ Sym(d) úsÿ°fÑÒ$­6°7¬Uúp·p­F® σ = PK(θ) ∈ K ·<¶ù0®.·`ýBù.°i´µÝûb°Bún°iÒiÔ#·®%°ûÅþiµúsÿ°¶B­L´^ùúp·p­L®
(σ, γ) ∈ Sym(d) ×R ­6úsÿ°¶»¼»Z½u n¶aµ>¶iún°iÔ
0 = σ − θ + γ · C : Dφ(σ) , Æ`óL; Ï
φ(σ) ≤ 0, γ · φ(σ) = 0, γ ≥ 0. Æ`ó>Ä Ï
¾º¿:ÀuÀ$Á ¸Ê2.Aª54¨ â A©B:769¨F=Ý698©2;>4;F©B:AB476¼ÕUAÁÝÄ0¹(:72.A©¨F=.87:74;>6¼=b:u»6¼=56¼»6¼Õw;>:769¨F=Ýª54¨FÄ5¸9AB»









γ ≥ 0 Aià6987:87Â.©2}:72;>: (σ, γ) 698;8;FÁ5Á¸9Aª*¨F6¼=b:t¨>«):72.A[;>ÉL4;>=5ÉIA«sÂ5=.©B:769¨F=;>¸
L(σ, γ) = E(σ − θ) + γ · φ(σ)










, θ ∈ Sym(d) .
Ê2.A8Afª%¨F:AB=0:76<;>¸98Ù6¼¸¼¸Ä*AuÂ.8AÁ(6¼=i[,AB»»;§_"Ä*AB¸9¨UÙ:¨"«`¨F47»Â5¸<;>:A:72.Aª5476¼»;>¸»6¼=56¼»6¼Õw;>:769¨F='ª54¨FÄ¿









DψK(θ)[η] = e(PK(θ),η) , θ, η ∈ Sym(d) .
Æ] Ï





θ − PK(θ),η − PK(θ)
)
≤ 0, θ ∈ Sym(d), η ∈ K . Æ"_ Ï
än=.8AB47:76¼=5ÉÞÆ"W Ï ÉL6¼ÃIA8




ψK(θ)− ψK(η)−DψK(η)[θ − η]
= e(PK(θ),θ)−E(PK(θ))− e(PK(η),η) +E(PK(η))− e(PK(η),θ − η)
= e
(































0 = σk−1 − θ + γk−1 · C : Dφ(σk−1)
+ ∆σk + γk−1 · C : D2φ(σk−1) : ∆σk + ∆γk · C : Dφ(σk−1) ,
φk(σ
k) ≤ 0, γk · φk(σk) = 0, γk ≥ 0 ,
Ù2.AB4A
φk(σ) = φ(σ
k−1)+Dφ(σk−1) : (σ−σk−1) 698:72.A¸¼6¼=.AU;>476¼ÕUAÁü¨wÙç47Â5¸9ALÈ)Ê2.A=.ABÙç6¼:AB4;>:A8;>4AÉL6¼ÃIAB='Ä0¹
σk = σk−1 + ∆σk
;>=.Á





Kk = {τ ∈ Sym(d) : φk(τ ) ≤ 0} ⊃ K
Ù6¼:72Ø4A87ª*A©B::¨½;º87Â56¼:;>Ä5¸9Aê;FÁ.;>ª5:AÁØ»AB:74769©LÈ Ê2.AB4Ai«p¨F4ALÀ4AU;>474;>=5ÉL6¼=5Él:72.A'¾.487:(Aß0Â;>:769¨F=@;>=.Á
Á5Ai¾.=56¼=5É
Gk = id +γk−1 · C : D2φ(σk−1)
ÉL6¼ÃIA8









Ck = G−1k : C
À
θk = G−1k :
(




0 = σk − θk + γk · Ck : Dφk(σk) ,
Æ"eL; Ï
φk(σ






Pk : Sym(d) −→ Kk
698:72.A
¨F47:72.¨FÉI¨F=;>¸.ª54¨ â A©B:769¨F=Ù6¼:724A87ª*A©B:):¨




:;>=5ÉIAB=b:u»¨0ÁÂ5¸¼Â.8"Ë  ÛÀ132;>ª,ÈLWÈ'WÈVó;>=.ÁÅ132;>ª,ÈL_ÈVóÈ ] Î È
ð Éb;>6¼=,Àb87Â.©©A886¼ÃIAB¸¼¹#8¨F¸¼Ã06¼=5É}Æ"e Ï «`¨F4















0 = σk − θk + γk · Ck : Dφk(σk)
À
φk(σ




k−1) +Dφ(σk−1) : (σ − σk−1) À
Gk = id +γk−1 · C : D2φ(σk−1)
;>=.Á
Ck = G−1k : C
À.;>=.Á
θk = G−1k :
(
θ − γk−1 · C : D2φ(σk−1) : σk−1
) È
ï\cW Ï än«
σ − θ + γ · C : Dφ(σ) ;>=.Á max{0, φ(σk)} ;>4A87»;>¸¼¸AB=.¨FÂ5ÉL2,À87:¨Fª,È
ï\c] Ï éAB:










φ(σ) = |dev(σ)| −K0
Ä%A":72.AÃI¨F=ëÅ698A8uü¨UÙ
47Â5¸9ALÀ5Ù2.AB4A













C : Dφ(σ) = 2µDφ(σ)
À
C : D2φ(σ) = 2µD2φ(σ)
À




















k) = θk − 2µmax{0, φk(θk)}
dev(θk)
|dev(θk)|





PK(θ) = θ − 2µmax{0, φ(θ)}
dev(θ)
|dev(θ)| , γ = max{0, φ(θ)} ,
Æ"Ä Ï
8AAË  Û,À132;>ª,È:WÈ'WÈ¼ò Î È
QggQL?KQ*TDPgJM2*LOLKNgQ
TOLIgggM.gJKQL.KQ:KOLT}MKP:SUTJLDT}H}O?PgMO&KNH}KO& Ó








ε(u) = sym(Du) ∈ Sym(d) Ï À¸9AB: Σ Ä*AÖ:72.A'87:74A888ª;F©A';>=.Áø¸9AB: ΣK
Ä%AÞ:72.A'©¨F=0ÃIAiàç8AB:¨>«
87:74A88A8Ù2569©2ê;>4Aª*¨F6¼=b:yÙ698A";FÁ»698876¼Ä5¸9A6¼=













σ : ε(δu) dx = `(δu), δu ∈ V .
Ê2.A©¨F474A87ª*¨F=.Á6¼=5É [;>ÉL4;>=5ÉIA«sÂ5=.©B:769¨F=;>¸O698ÉL6¼ÃIAB='Äb¹
L(σ,u, γ) = E(σ) +
∫
Ω
γ · φ(σ) dx−
∫
Ω
σ : ε(u) dx + `(u) .
;>=.Á'ABÃIAB47¹Ö»6¼=56¼»6¼ÕUAB4u¨>«):72.AÁÂ;>¸,ª54¨FÄ5¸9AB» 698©2;>4;F©B:AB476¼ÕUAÁÝÄ0¹Þ:72.AÊ¿n87¹8:AB»
0 = C−1 : σ − ε(u) + γ ·Dφ(σ), Æ"ÖL; Ï




σ : ε(δu) dx − `(δu), δu ∈ V( × ) . Æ"ÖF© Ï






































b(t) · δu dx +
∫
ΓN
tN(t) · δu da
Á5ABª%AB=.Á6¼=5É(¨F='Ä%¨Á¹«`¨F4©AÁ5AB=.876¼:769A8f;>=.ÁÞ:74;F©B:769¨F='«`¨F4©AÁ5AB=.876¼:769A8
b : Ω× [0, T ] −→ Rd, tN : ΓN × [0, T ] −→ Rd .
Ý H&I:JLKNM4OLKP*QSRKTUQ:TUJ:M
¢ wuy`yÙ,¥0¡w§s£% 0t£:Ût§p ÎØ §<¡Aytw§=v&p­$Èt¡w§s¦b§¡Ò ?ºAÙ;>=0:t:¨Á5AB:AB47»6¼=.AÁ698ª5¸<;F©AB»AB=b:8
u : Ω× [0, T ] −→ Rd ,
87:74A88A8
σ : Ω× [0, T ] −→ Sym(d) ,
ª5¸<;F87:769©8:74;>6¼=.8
εp : Ω× [0, T ] −→ Sym(d) ,
;>=.ÁÝ;ª5¸<;F87:769©»Â5¸¼:76¼ª5¸¼69AB4
λ : Ω× [0, T ] −→ Rr
8;>:7698$«p¹6¼=5É:72.AA88AB=0:76<;>¸,Ä%¨FÂ5=.Á.;>47¹Þ©¨F=.Á6¼:769¨F=.8
u(x, t) = uD(x, t), (x, t) ∈ ΓD × [0, T ] ,
:72.A©¨F=.87:76¼:7Â5:76¼ÃIA4AB¸<;>:769¨F=
σ(x, t) = C :
(
ε(u)(x, t) − εp(x, t)
)
, (x, t) ∈ Ω× [0, T ]
:72.AAß0Â56¼¸¼6¼Ä5476¼Â5» Aß0Â;>:769¨F=.8
−divσ(x, t) = b(x, t), (x, t) ∈ Ω× [0, T ] ,








εp(x, t) = λ(x, t) ·Dφ(σ(x, t)) , (x, t) ∈ Ω× [0, T ] ,
Æ$òA¬ Ï
;>=.Á}:72.A©¨F»ª5¸9AB»AB=0:;>47¹Ý©¨F=.Á6¼:769¨F=.8Æ=;>47Â.82¿dÂ525=¿nÊ,Â.©ÜIAB4 Ï




= 0, λ(x, t) ≥ 0, φ(σ(x, t)) ≤ 0, (x, t) ∈ Ω× [0, T ] . Æ$òLò Ï





V ⊂ C0,1(Ω,Rd) Ä%A;¾.=56¼:AAB¸9AB»AB=b:87ª;F©A87ª;>=5=.AÁÖÄb¹=.¨0Á.;>¸Ä;F87698«pÂ5=.©B:769¨F=.8UÈ>[AB:













ε(v) : ε(w) dx =
∑
ξ∈Ξ
ωξ ε(v)(ξ) : ε(w)(ξ) , v,w ∈ V .
?ºA8AB:





u ∈ V :725698"Á5Ai¾.=.A8 C : ε(u) ∈ Σ Èäy=º¨FÂ54=.¨F:;>:769¨F=,À:72.A6¼=b:ABÉL4;>¸O698Â.8AÁ';>¸98¨«p¨F4:72.Af¾.=56¼:A"87Â5»8
∫
Ω
σ : ε dx :=
∑
ξ∈Ξ





u : [0, T ] −→ V ,
87:74A88A8
σ : [0, T ] −→ Σ ,
ª5¸<;F87:769©87:74;>6¼=.8
εp : [0, T ] −→ Σ ,;>=.ÁÝ;ª5¸<;F87:769©»"Â5¸¼:76¼ª5¸¼69AB4
λ : [0, T ] −→ Λ
8;>:7698$«p¹06¼=5É:72.AA88AB=b:76<;>¸OÄ%¨FÂ5=.Á.;>47¹Þ©¨F=.Á6¼:769¨F=.8
u(t) ∈ V(uD(t)) , t ∈ [0, T ] ,:72.A©¨F=.87:76¼:7Â5:76¼ÃIA4AB¸<;>:769¨F=
σ(ξ, t) = C :
(
ε(u)(ξ, t)− εp(ξ, t)
)
, (ξ, t) ∈ Ξ× [0, T ]
ÆsÂ.876¼=5É
σ(ξ, t) := σ(t)(ξ)
«`¨F4
σ(t) ∈ Σ Ï À:72.AAßbÂ56¼¸¼6¼Ä5476¼Â5» AßbÂ;>:769¨F='6¼=}ÙAU;>ÜÖ«p¨F47»
∫
Ω




εp(ξ, t) = λ(ξ, t) ·Dφ(σ(ξ, t)) , (ξ, t) ∈ Ξ× [0, T ] ,
;>=.Á}:72.A©¨F»ª5¸9AB»AB=b:;>47¹Å©¨F=.Á6¼:769¨F=.8Æ=;>47Â.872¿dÂ525=¿nÊÂ.©ÜIAB4 Ï




= 0, λ(ξ, t) ≥ 0, φ(σ(ξ, t)) ≤ 0, (ξ, t) ∈ Ω× [0, T ] .
Ü §tU¦I¢CyI¡w§.¡w§s£ æ§s ø¡w§v^y. Ê2.A»¨Á5AB¸,¨>«O6¼=.©B4AB»AB=b:;>¸6¼=¾.=56¼:A876¼»;>¸,ª5¸<;F87:769©B6¼:y¹(698¨FÄ5:;>6¼=.AÁ}Ä0¹Þ;
Á5A©¨F»ª%¨L86¼:769¨F=
0 = t0 < t1 < · · · < tN = T¨>«:72.A:76¼»A6¼=b:AB47ÃL;>¸O;>=.ÁÞ:72.A;>ª5ª5¸¼69©U;>:769¨F=Å¨>«):72.AÄ;F©ÜÙ;>4ÁßÂ5¸9AB4t8©2.AB»ALõ)«p¨F4
















σn ∈ Σ À,:72.Aª5¸<;F8:769©87:74;>6¼= εnp ∈ Σ
À;>=.Á³:72.Aª5¸<;F87:769©»Â5¸¼:76¼ª5¸¼69AB4
λn ∈ Λ 8a;>:7698$«s¹6¼=5É}:72.A©¨F=.87:76¼:7Â5:76¼ÃIA4AB¸<;>:769¨F=













εnp (ξ)− εn−1p (ξ)
)






= 0, λn(ξ) ≥ 0, φ(σn(ξ)) ≤ 0, ξ ∈ Ξ .
é06¼=.©A:72.Aª54¨FÄ5¸9AB» 6984;>:Ai¿R6¼=.Á5ABª*AB=.Á5AB=b:UÀ)4A8©U;>¸¼6¼=5ÉÅ¨>«:72.A:76¼»Aª;>4;>»AB:AB4"Á5¨A8=.¨F:;A©B::72.A
»¨0Á5AB¸RÈÊ2bÂ.8UÀ5ÙAÁ5Ai¾.=.A
γn = (tn − tn−1)λn ∈ Λ
À56RÈ5ALÈ¼À.:72.Afü¨UÙ 47Â5¸9A2;F8t:72.Af«p¨F47»
εnp (ξ) = ε
n−1
p (ξ) + γ
n(ξ) ·Dφ(σn(ξ)) , ξ ∈ Ξ . Æ$ò2] Ï
ädå H&I:JLKNM4OLKP*QSRKTUQ:TUJ:M




σn ∈ Σ À un ∈ V(unD)
;>=.Á




n(ξ) = C :
(
ε(un)(ξ)− εn−1p (ξ)− γn(ξ) ·Dφ(σn(ξ))
)














σn : ε(δu) dx = `n(δu), δu ∈ V( × ) . Æ$òA_F© Ï
ñ.¨F4:72.A=.Aià::76¼»A8:ABª,À
εnp
698Á5AB:AB47»6¼=.AÁ'Ä0¹(:72.AÁ698©B4AB:76¼ÕUAÁÞü¨UÙ 47Â5¸9AÆ$ò2] Ï È









Aß0Â56¼¸¼6¼Ä5476¼Â5» Aß0Â;>:769¨F=ÇÆ$òA_F© Ï 6¼=}:72.AAß0Â56¼ÃF;>¸9AB=0:«`¨F47»
∫
Ω
σn : ε(δu) dx −
∫
ΓD













(σn) · unD da .
Æ$òa Ï
Ê2.AB=,À:72.AtÁÂ;>¸*©¨F=bÃIAià»6¼=56¼»6¼Õw;>:769¨F=Þª54¨FÄ5¸9AB» 4AU;FÁ58;F8«`¨F¸¼¸9¨UÙ8UõO¾.=.ÁÞ;»6¼=56¼»6¼ÕUAB4
σ ∈ Σ ¨>«:72.AÁÂ;>¸3AB=.AB47ÉL¹ En(·)
8Â5Ä â A©B::¨':72.Aª*¨F6¼=b:nÙ698A(©¨F=0ÃIAià×©¨F=.87:74;>6¼=b:
σ(ξ) ∈ K «`¨F4 ξ ∈ Ξ ;>=.Á³:72.A¸¼6¼=.AU;>4t©¨F=.87:74;>6¼=0:Æ$òAe Ï È
çkèÎ´LÀu¿n´:µ W&¸
é¶¶aùÔ°"úsÿ²Lú3²¶iúpÒi·`¬úp´^µÞ²IûFÔ#·¶¶a·Rþi´9°¶BúpÒ7°i¶¶¶iúR²Iún°





< 0, ξ ∈ Ξ , Æ$òAÄL; Ï∫
Ω
τ n : ε(δu) dx = `n(δu), δu ∈ V( × ) . Æ$òAÄ>Ä Ï
½ÿ°i®&ÅÑÒ$­0þi´¼°BÔ Æ$òA_ Ï ÿ²>¶²¶­F´ùúp·`­F®












(un, γn) ∈ V(unD) × Λ
Ù6¼:72
γn ≥ 0 Aià6987:UÀ87Â.©2ç:72;>: (σn,un, γn) ∈
Σ×V(unD)×Λ
698u;8;FÁ5Á¸9Aª*¨F6¼=b:t¨>«):72.A[;>ÉL4;>=5ÉIA«sÂ5=.©B:769¨F=;>¸
Ln(σ,u, γ) = En(σ) +
∫
Ω
γ · φ(σ) dx−
∫
Ω
σ : ε(u) dx +
∫
ΓD







σ : C−1 : δσ dx−
∫
Ω




γ ·Dφ(σ) : δσ dx−
∫
Ω
δσ : ε(u) dx ,
;>=.Á
DσLn(σn,un, γn)[δσ] = 0
«`¨F4t;>¸¼¸
δσ ∈ Σ 698Aß0Â56¼ÃF;>¸9AB=0::¨
C−1 : σn(ξ)− εn−1p (ξ) + γn(ξ) ·Dφ(σn(ξ))− ε(un)(ξ) = 0, ξ ∈ Ξ .
Ê¨FÉIAB:72.AB4Ù6¼:72Þ:72.A;FÁ»698876¼Ä56¼¸¼6¼:n¹6¼=
K
































cf;FÁ6<;>¸0ctAB:7Â547='¨F4f13¸9¨L8A87:ïO¨F6¼=0:uï4¨ â A©B:769¨F=½Æp8AALÀ.ALÈÉ.È¼À,Ë  Û ÎsÏ È


























n(ξ) = C :
(
ε(un)(ξ)− εn−1p (ξ)−max{0, φ(σn)}Dφ(σn(ξ))
)






σn : ε(δu) dx = `n(δu), δu ∈ V( × ) . Æ$òAÖ>Ä Ï
½ÿ°²aÑIÑ%´^·`¬²Lúp·`­F® ­Å²³Ó0°i®%°iÒ7²F´·ìd°7ûªõ"°i÷úR­F®Ô°Búsÿ­UûØûF·Ò°7¬úp´µøúR­lúsÿ°Ý¶aµ>¶Bún°iÔ Æ$òAÖ Ï ·<¶}¶BúpùûF·R°7ûçþiµ
öOÿbÒi·<¶Bún°i®5¶°B®êËVÛ Î ê
o p ¢ w0yË­¢d£&®2y0¦L¡w§s£ xv^yI¡wO£¤ ãAi¾.=56¼=5É:72.A:7476<;>¸8:74A88




4ABÙ476¼:A8"Æ$òA_L; Ï ;>=.ÁÇÆ$òA_>Ä Ï 6¼=}:72.A«`¨F47»
0 = σn − θn(un)− γn · C : Dφ(σn),
Æ`óòU; Ï




= 0, γn ≥ 0 . Æ`óòBÄ Ï
[,AB»»;ÞòAB=.87Â54A8:72;>:AßbÂ;>:769¨F=ºÆ`óò Ï ©U;>=}Ä*Au8¨F¸¼ÃIAÁÖ6¼=.Á5ABª*AB=.Á5AB=b:7¸¼¹(«p¨F4ABÃIAB47¹(6¼=b:ABÉL4;>:769¨F='ª*¨F6¼=b:














C : (ε(un)− εn−1p )
)
: ε(δu) dx = `n[δu], δu ∈ V( × ) . Æ`óW Ï
³>´:µ¶µ· _&¸§½ÿ°·®%¬BÒ7°BÔ°B®úR²F´°i®*°iÒpÓLµiù0®%¬úp·p­L®²F´







dx− `n[u], u ∈ V(unD)
Æ`óC] Ï
·<¶3¬­F®.¯>°7±êëê­LÒ7°7­L¯>°iÒÅ· ²¶BúpÒa·`¬úp´µ²bûFÔ#·<¶a¶a·Rþi´¼°¶BúpÒ7°a¶a¶



































C : (ε(u)− εn−1p )
)








698;(©B476¼:769©U;>¸ª%¨F6¼=0:¨>« I incrn (·)
À
;>=.Á'876¼=.©A I incrn (·)
698©¨F=bÃIAiàÀ.6¼:698u;»6¼=56¼»6¼ÕUAB4UÈ 
?ºA3;>ª5ª5¸¼¹;ÉIAB=.AB4;>¸¼6¼ÕUAÁYuABÙ:¨F="6¼:AB4;>:769¨F=#:¨¾.=.Á";»6¼=56¼»6¼ÕUAB4¨>« I incrn (·)
Ä0¹©¨F»ª5Â5:76¼=5É;u©B476¼:769©U;>¸
ª*¨F6¼=b:¨>«







∆un,k ∈ V( × ) ;>=.Á}Á.;>»ª56¼=5Éª;>4;>»AB:AB48 sn,k ∈ (0, 1] Ù6¼:72
0 ∈ Fn(un,k−1) + ∂Fn(un,k−1)∆un,k, un,k = un,k−1 + sn,k∆un,k, k = 1, 2, 3, ...


























: ε(δu) dx .
Æ`ó_ Ï
Í Î&v­ÌyLÏÐ0qX­$Èt¡w§s¦b§¡Ò ñ.¨F4
φ(σ) = |dev(σ)| −K0
ÙA¨FÄ5:;>6¼=}«p4¨F»áÆ"Ä Ï
∂PK(θ)[τ ] = τ − ∂max{0,dev(θ)| −K0}













o Nq ¢ wuyÑù\Èî¢C. 0î:yÚriyD¡U£ øvyb¡w£¤3 ð ¸¼:AB47=;>:76¼ÃIAB¸¼¹³¨F=.A©U;>=Ç©¨F=.8769Á5AB4";Ö=.¨F=5¸¼6¼=.AU;>46¼:AB4;d¿
:769¨F=Ç«p¨F4":72.A«pÂ5¸¼¸pÊ¿n87¹87:AB» Æ$òA_ Ï ÀOÙ2.AB4A(:72.A(6¼=.AßbÂ;>¸¼6¼:y¹






















σ − C :
(






































o  Û  ¢ w0y©p§p 0y5¢>§.y0¤­O¢>£È®Éyb¦L¡w§s£% úv^yI¡wO£¤ Ê2.Aé5îfï@»AB:72.¨Á'698u¨FÄ5:;>6¼=.AÁÝÄ0¹}6¼=.8AB47:76¼=5É:72.A
¸¼6¼=.AU;>476¼ÕUAÁ'©¨F»ª5¸9AB»AB=b:;>47¹'©¨F=.Á6¼:769¨F=.8t6¼=b:¨#:72.A[;>ÉL4;>=5ÉIAi¿dYfABÙ:¨F=Ý6¼:AB4;>:769¨F=,õ«p¨F4t;"ÉL6¼ÃIAB='6¼:AB4;>:A
(σn−1, γn−1,un−1) ∈ Σ×Λ×V(unD)
Á5Ai¾.=.A:72.A¸¼6¼=.AU;>476¼ÕUAÁ}ü¨wÙ-47Â5¸9A
φn,k(σ) = φ(σ
n,k−1) +Dφ(σn,k−1) : (σ − σn,k−1) Æ`óe Ï
;>=.Á'©¨F=.8769Á5AB4:72.A«p¨F¸¼¸9¨wÙ6¼=5É87¹87:AB»'õ¾.=.Á
(∆σn,∆γn,∆un) ∈ Σ×Λ×V( × ) Ù6¼:72
0 = σn,k−1 − C :
(





























σn,k−1 : ε(δu) dx − `n(δu) +
∫
Ω
∆σn : ε(δu) dx, δu ∈ V( × )
Ù6¼:72




n,k) 0 = σ
n,k − C :
(








































θn,k(u) = Cn,k :
(








4ABÙ476¼:A8"Æ`óÄL; Ï ;>=.ÁÇÆ`óÄ>Ä Ï 6¼=}:72.A«`¨F47»










= 0, γn,k ≥ 0 . Æ`óÖ>Ä Ï
ð Éb;>6¼=,Àn[AB»»;ò"ÉLÂ;>4;>=0:AA8:72;>:AßbÂ;>:769¨F=ØÆ`óÖ Ï ©U;>=Ä*A"8¨F¸¼ÃIAÁ6¼=.Á5ABª*AB=.Á5AB=b:7¸¼¹Å«`¨F4ABÃIAB47¹Ý6¼=b:Ai¿
ÉL4;>:769¨F='ª*¨F6¼=b:









Pn,k : Sym(d) −→ Kn,k
698:72.A¨F47:72.¨FÉI¨F=;>¸Oª54¨ â A©B:769¨F=ê¨F=b:¨:72.A2;>¸m«¿n87ª;F©A
Kn,k = {τ ∈ Sym(d) : φn,k(τ ) ≤ 0} ⊃ K
Ù6¼:72Ø4A87ª*A©B::¨³:72.AÝ6¼=5=.AB4ª54¨ÁÂ.©B:







ψn,k(σ) = En,k(σ)−En,k(σ − Pn,k(σ))
È













: ε(δu) dx = `n[δu], δu ∈ V( × ) . Æ"Wò Ï
³>´:µ¶µ· e&¸§½ÿ°ÑÒi·Ô²F´O°i®*°iÒpÓLµºiù0®¬Uúp·p­F®%²F´.­FÒúsÿ°´^·s®%°7²FÒi·ìw°7ûÑÒ7­U°7¬úp·`­F®ê¶iún°nÑ







dx− `n[u], u ∈ V(unD)
Æ"WLó Ï











σ − Cn,k :
(



























































Fn,k = DI incrn,k
ÀtÙ3AêÂ.8A³;×ÉIAB=.AB4;>¸¼6¼ÕUAÁûYuABÙ:¨F=»AB:72.¨Áæ:¨




∆un,k,m ∈ V( × ) ;>=.Á'Á.;>»ª56¼=5Éª;>4;>»AB:AB48 sn,k,m ∈ (0, 1] Ù6¼:72
0 ∈ Fn,k(un,k,m−1) + ∂Fn,k(un,k,m−1)∆un,k,m ,
;>=.Á
un,k,m = un,k,m−1 +sn,k,m∆un,k,m
«`¨F4
m = 1, 2, 3, ...
























: ε(δu) dx .
Æ"WC] Ï
Í Î&v­ÌyLÏÐ0qX­$Èt¡w§s¦b§¡Ò ñ.¨F4
φ(σ) = |dev(σ)| −K0
ÙA¨FÄ5:;>6¼=}«p4¨F»áÆ(a Ï
∂Pn,k(θ)[τ ] = τ − ∂max{0,dev(θ)| −K0}




íütwO£¢d¡'¦I£:v^­u5¢F§tU£  ð ¸¼ÉI¨F476¼:725»69©U;>¸¼¸¼¹IÀ:72.A4AU;>¸¼6¼Õw;>:769¨F=l¨>«:72.Aª54¨ â A©B:769¨F=×»AB:72.¨ÁØÆ`ó_ Ï ;>=.Á
:72.A4AU;>¸¼6¼Õw;>:769¨F=l¨>«:72.AÖé5îfï »AB:72.¨ÁºÃ6<;}¸¼6¼=.AU;>476¼ÕUAÁÇª54¨ â A©B:769¨F=.8ÞÆ"WC] Ï 2;UÃIA:72.A(8;>»A87:747Â.©B:7Â54A
Â.876¼=5ÉÁ6 AB4AB=b:tª54¨ â A©B:769¨F=.8UÀ.:7476<;>¸87:74A88A8u;>=.Á'©¨F=.876987:AB=0::;>=5ÉIAB=b:8UÀ©i«$ÈÊ;>Ä5¸9AkWÈ

























Ω σ : ε[·] dx = `n[·]
}
ñ6¼ÉLÂ54AçòLõlän¸¼¸¼Â.87:74;>:769¨F= ¨>«":72.A³ª54¨ â A©B:769¨F=-»AB:72.¨Á@«p¨F4
εp = 0
õÇ¾.=.Á ;lÁ6987ª5¸<;F©AB»AB=0:ÝÃIA©B:¨F4



















































γn,0 = γn−1Ê2.AB=,ÀF8AB::72.Apãf6¼4769©25¸9AB:Ä%¨FÂ5=.Á.;>47¹ÃL;>¸¼Â.A8 Ê2.AB=,À08AB:3:72.Aºãf6¼4769©25¸9AB:Ä*¨FÂ5=.Á.;>47¹ÃF;>¸¼Â.A8
un,0(x) = unD(x)
À
x ∈ D È un,0(x) = unD(x)
À










ï3ó Ï 1¨F»ª5Â5:A:72.A:7476<;>¸O87:74A88UÀ é}W Ï 1¨F»ª5Â5:A:72.A:7476<;>¸87:74A88UÀ
:72.A¨F47:72.¨FÉI¨F=;>¸Oª54¨ â A©B:769¨F= :72.A¸¼6¼=.AU;>476¼ÕUAÁ}ª54¨ â A©B:769¨F=
σn,k = PK(θn(u















n,k,m : ε(δu) dx
È








é}e Ï äR«:72.A=.¨F47» ¨>«
σn,k−C : (ε(un,k)−εn−1p −γn,k ·Dφ(σn,k))698=.¨F:8»;>¸¼¸,AB=.¨FÂ5ÉL2,À58AB:



















n ·Dφ(σn) È εnp = εn−1p + γn ·Dφ(σn)
È
éAB:
n := n+ 1
;>=.Á}ÉI¨#:¨ïtò Ï È éAB:
n := n+ 1
;>=.Á}ÉI¨#:¨(é%ò Ï È
ïp_ Ï 1¨F»ª5Â5:A é}Ä Ï 1¨F»ª5Â5:A







n,k) : Cn,k : ε(δu) dx = Rn,k[δu]
È ∫
Ωε(∆u
n,k,m) :Cn,k,m : ε(δu)dx = Rn,k,m[δu]
È
ãAB:AB47»6¼=.Aæ;8Â56¼:;>Ä5¸9AØÁ.;>»ª56¼=5É-«R;F©B:¨F4
sn,k ∈ (0, 1] À8AB:
ãfAB:AB47»6¼=.A;Ú8Â56¼:;>Ä5¸9A Á.;>»ª56¼=5É«`;F©B:¨F4
sn,k,m ∈ (0, 1] À8AB:
un,k = un,k−1 + sn,k∆un,k
È
un,k,m = un,k,m−1 +sn,k,m∆un,k,m
È
éAB:
k := k + 1
;>=.Á}ÉI¨:¨ïó Ï È éAB:
m := m+ 1
;>=.Á}ÉI¨:¨é}W Ï È
ÊO;>Ä5¸9AWõ1¨F»ª;>47698¨F=¨>«%:72.A;>¸¼ÉI¨F476¼:725»69©87:ABª.8«`¨F4:72.A3ª54¨ â A©B:769¨F=»AB:72.¨Á;>=.Á#:72.Até5îfï³»AB:72.¨0Á



















γn,k = max{0, |dev(θn,k)| −K0}
σn,k = PK(θ
n,k) = θn,k − 2µγn,kηn,k
























γn,k,m = max{0, φ(θn,k,m) + ηn,k : θn,k,m}
σn,k,m = Pn,k(θ
n,k,m) = θn,k,m − 2µγn,k,mηn,k
Cn,k,m = Cn,k − 2µ sgn(γn,k,m)ηn,k ⊗ ηn,k


















µ = E/(2(1 + ν))
;>=.Á










u1(10, x2) = 0, x2 ∈ (1, 10), u2(x1, 0) = 0, x1 ∈ (0, 9) ,
;>=.Á;¸9¨I;FÁ"«pÂ5=.©B:769¨F=;>¸Á5ABª*AB=.Á6¼=5É¸¼6¼=.AU;>47¸¼¹"¨F=








































ï4¨ â A©B:769¨F=Å»AB:72.¨0Á é5îfïæ»AB:72.¨0Á 6¼=.Aià.;F©B:fé5îfïç»AB:72.¨Á
ÆpñÌc Ï ÆR11 Ï Æ=ß>ß Ï ÆpñÌc Ï ÆR11 Ï Æ=ß>ß Ï ÆpñÌc Ï ÆR11 Ï Æ=ß>ß Ï
ε ε




òaÈ'Ä.a?ÄLóe ]DWÈ'¬W¬_¬ ¬È a?Ö.aFóC]DW
ε
]DWÈ'¬LóeÖÄ ¬È a?Ö.a?¬__ ¬È'¬C]DÄ¬òLò
ε ε
òAWÈ¼òa?ÖÖò ¬È a?ÄC]D_C] ¬È'¬.a]DÖÄW
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